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ISOPARAMETRIC FUNCTIONS AND NODAL
SOLUTIONS OF THE YAMABE EQUATION
G. HENRY
Abstract. We prove existence results for nodal solutions of the
Yamabe equation that are constant along the level sets of an isopara-
metric function.
1. Introduction
Let (M,g) be a closed Riemanian manifold of dimension n ≥ 3. We
say that u :M −→ R is a solution of the Yamabe equation if u satisfies
for some constant c the equation
(1) an∆gu+ sgu = c|u|pn−2u,
where an :=
4(n−1)
n−2 , pn :=
2n
n−2 and sg is the scalar curvature of (M,g).
The aim of this article is to study the existence of certain nodal solu-
tions (i.e., sign changing solutions) of the Yamabe equation that arise
by considering isoparametric functions. More precisely, we are inter-
ested in the following question. Let f be an isoparametric function on a
closed Riemannian manifold (M,g) of dimension at least 3. Does there
exist a nodal solution of the Yamabe equation that is constant along
the level sets of f? The purpose of this paper is to discuss this problem
if the manifold is either a Riemannian product, or each level set of the
isoparametric function has positive dimension.
Let (M,g) be a closed connected Riemannian manifold. A smooth
non-constant function f : M −→ R is called an isoparametric function
is there exist a smooth function b and a continuous function a such that
(2) ‖∇f‖2 = b ◦ f,
and
(3) ∆gf = a ◦ f.
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Let f(M) = [tmin, tmax]. We denote byMt the level set of the function
f corresponding to the value t, that isMt = f
−1(t). The sets where f at-
tains the global maximum Mtmax and the global minimumMtmin will be
denoted by M+ and M−, respectively. The union of these sets is called
the focal set of f . When t is a regular value of f we say that the level
set Mt is an isoparametric hypersurface. The condition (2) implies that
the regular level sets of f are parallel hypersurfaces. On the other hand,
by condition (3) under condition (2), the level sets of f have constant
mean curvature. Wang proved in [51] that the only critical values of an
isoparametric function on a closed Riemannian manifolds are its global
maximum and minimum. In fact this is true for a transnormal function,
i.e., a non-constant function that satisfies the property (2). Also it was
proved in (Theorem A, [51]) that the focal sets are actually submani-
folds of M (they might be non-connected and with different dimensions
in each connected component) and each regular level set Mt is a tube
over either of the focal submanifolds. Ge and Tang proved in [20] that if
the co-dimension of each components of the focal submanifolds of f is at
least 2 (which is actually equivalent to the focal set of any regular level
set of f is exactly the focal submanifold M− ∪M+), then all the level
sets are connected and there exists at least one isoparametric hypersur-
face induced by f that is a minimal hypersurface. Moreover, if the Ricci
curvature is positive this minimal isoparametric hypersurface is unique,
see (Corollary 2.1, [21]). The isoparametric functions with focal sub-
manifolds of co-dimension greater than 1 are called proper isoparametric
functions. It was proved in [21] that the focal submanifoldsM− andM+
of an proper isoparametric function are minimal submanifolds. Actually
this result was proved by Miyaoka in [38] for transnormal functions.
The isoparametric functions and isopametric hypersurfaces have at-
tained lot of interest in the past. When the ambient manifold is a space
form the isoparametric hypersurfaces have constant principal curvatures
as Cartan proved in [7]. The classification of isoparametric hypersur-
faces in the Euclidean and in the hyperbolic space was done in the first
part of the twentieth-century by Levi-Civita [33] and Segre [48], and by
Cartan [7], respectively. The affine hyperplanes, the embedded spheres
Sn−1 and Sn−k×Rk−1 are all the isoparametric hypersurfaces in the Eu-
clidean setting. In the hyperbolic space an isoparametric hypersurface
could be an hyperplane, Sn−k × Hk−1, a geodesic sphere or a horoe-
sphere. But the theory is much more complex in the case of the sphere
endowed with the standard round metric (Sn, gn0 ). Notice that for the
Euclidean and the hyperbolic space all the isoparametric hypersurfaces
are homogeneous. On the other hand in the round sphere, besides the
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homogeneous families there exist non-homogeoneous isoparametric hy-
persurfaces. The first examples of these kind of hypersurfaces were
introduced by Ozeki and Takeuchi in [42] and [43] (see also [19] for
a generalization of this family of submanifolds). The classification of
isoparametric hypersurfaces in the sphere was an outstanding problem
that remained open for a long time. Since the article by Cartan [7] lots
of works have been carried out in order to achieve the total classifica-
tion of isoparametric hypersurfaces in the sphere, see for instance the
articles by Munzner [40] and [41], Abresch [1], Hsiang and Lawson [29],
Ferus et al. [19], Stolz [49], Cecil et al. [8], Immervoll [30], Chi [10]
and [11], Miyaoka [37] and [39]. In a recent paper Chi [12], classifies the
isoparametric hypersurfaces in the sphere with four distinct principal
curvatures and multiplicity pair (7, 8). This was the remaining case to
obtain a total classification. However, for general Riemannian manifolds
the classification is far for being achieved.
In the space forms there are many isoparametric functions and hy-
persurfaces. Nevertheless, this is not the case for a general Riemannian
manifold. It can be seen, by the structural theorem of isoparametric
hypersufaces stated above (Theorem A, [51]), that there might be ob-
structions to the existence of isoparametric functions. Indeed, by a re-
sult of Miyaoka (Theorem 1.1, [38]) we know that a closed Riemannian
manifold that admits an isoparametric function must be diffeomorphic
to the union of two disc bundles over the focal submanifolds.
In [26], Petean and the author made use of the classification of isopara-
metric functions on the sphere and bifurcation theory methods to prove
multiplicity results of positive solutions of the Yamabe equation of Rie-
mannian products with the sphere. As we pointed out at the beginning
of this section, in this article we address the problem of whether an
isoparametric function induces a nodal solution of the Yamabe equa-
tion.
Positive solutions of the Yamabe equation are related with the exis-
tence of constant scalar curvature metrics in the conformal class [g] of g,
which is the set of Riemannian metrics of the form φg with φ a positive
smooth function on M . More precisely, if u is a positive solution of
Equation (1), then the Riemannian metric defined by h = upn−2g has
constant scalar curvature c. By the resolution of the celebrated Yam-
abe problem (Yamabe [52], Tru¨dinger [50], Aubin [4], and Schoen [46]),
we know that there exists at least one positive solution of the Yamabe
equation, and therefore, therein any conformal class there is a Riemann-
ian metric of constant scalar curvature. Since the end of 1960s lots of
mathematicians have been studying the space of positive solutions of
4 G. HENRY
the Yamabe equation and considerable progress has been made in un-
derstanding the existence and multiplicity of positive solutions of this
equation. For instance, it was shown by Khuri, Marques and Schoen [32]
that the space of positive solutions of the Yamabe equation of a closed
Riemannian manifold (unless it is the round sphere) is compact in the
C2−topology if the dimension of the manifold is at most 24. On the
other hand, Marques and Brendle [5] proved that the compactness does
not hold for dimension greater than 24. However, till recently quite little
was known about nodal solutions of the Yamabe equation. Among the
authors that have studied nodal solutions of semi-linear elliptic equa-
tions on Riemannian manifolds we can mention Ding [13], Hebey and
Vaugon [24], Holcman [28], Jourdain [31], Djadli and Jourdain [15], and
del Pino et al. [14]. But the first general result on the existence of nodal
solution of Yamabe equation was obtained by Ammann and Humbert
in [2]. They introduced the so called second Yamabe constant which is
a conformal invariant induced by the second eigenvalue of the confor-
mal Laplacian operator (see Section 2.2, Preliminaries). Making use of
this invariant they were able to prove existence results when the confor-
mal class of the Riemannian manifold admits a Riemannian metric of
non-negative scalar curvature. Further results on the existence of nodal
solutions of the Yamabe equation using the variational approach of Am-
mann and Humbert can be found in Petean [44], El Sayed [17], Madani
and the author [27]. We refer the reader to the articles by Clapp and
Fernandez [9] and Fernandez and Petean [18] for recent results on the
multiplicity of nodal solutions of the Yamabe equation.
In order to state our main results let us introduce some notations and
definitions.
Let f : M −→ R be a function on M . We will denoted with Sf the
set of functions on M that are constant along the level sets of f .
Definition 1.1. Let M be a closed differentiable manifold. We say that
a triplet (M,g, f) is an isoparametric system if f is an isoparametric
function on the Riemannian manifold (M,g) and the scalar curvature
sg belongs to Sf .
We will show the following theorem.
Theorem 1.2. Let (Mm, g) be a closed connected Riemannian manifold
and let (Nn, h) be any closed Riemannian manifold of constant scalar
curvature such that m + n ≥ 3 and s = sg + sh > 0. If (M,g, f) is an
isoparametric system then there exists a nodal solution of the Yamabe
equation of (M ×N, g + h) that belongs to Sf .
ISOPARAMETRIC FUNCTIONS AND NODAL SOLUTIONS 5
By Theorem 1.2 and the comments made above concerning with the
level sets of a proper isoparametric function we obtain the following
result.
Corollary 1.3. Let (M,g) and (N,h) be closed connected Riemannian
manifolds as is the Theorem 1.2. Let (M,g, f) be an isoparametric
system such that f is a proper isoparametric function. Then there exists
a nodal solution of the Yamabe equation of (M×N, g+h) whose nodal set
(i.e., the zero sets) is S ×N , where S is an isoparametric hypersurface
of M induced by f .
In Section 4 (Proposition 4.6) we will prove the existence of constant
scalar curvature metrics in the f−conformal class [g + h]f , i.e., the set
of Riemannian metrics of the form φ(g+h) with φ ∈ Sf . Also in Section
4 we will prove some results on the nodal sets of the eigenfunctions of
the conformal Laplacian.
When the dimension of each connected components of the level sets
of an isoparametric function are greater than or equal to 1, then we
prove the existence of nodal solutions for the Yamabe equation. Let
d(t) be the minimum of the dimensions of Mt’s connected components.
Let k(f) := mint∈[tmin,tmax]{d(t)}. We obtain the following result.
Theorem 1.4. Let (Mn, g, f) be an isoparametric system such that
(M,g) is a closed connected Riemannian manifold of dimension n ≥ 3
with non-negative scalar curvature. If k(f) ≥ 1, then there exists a
nodal solution of the Yamabe equation of (M,g) that belongs to Sf .
With the same hypothesis of Theorem 1.4 we will prove in Section 6
(Corollary 6.4) the existence of constant scalar curvature Riemannian
metrics in the f−conformal class [g]f .
2. Preliminaries
2.1. Examples. In this section we introduce a few examples and re-
view some constructions of families of isoparametric functions on closed
Riemannian manifolds.
The simplest example of an isoparametric function on a closed Rie-
mannian manifold is the following.
Example 2.1. Let Sn ⊂ Rn+1 be the embedded n−dimensional sphere
of radius 1, that is Sn := {x ∈ Rn+1 : x21+ · · ·+ x2n+1 = 1}. Let us con-
sider Sn endowed with the round metric gn0 of curvature 1. We define
the function fi : S
n −→ R by fi(x) := xi. These functions are isopara-
metric on (Sn, gn0 ). Indeed, ‖∇gn0 fi‖2gn0 = 1 − f
2
i and ∆gn0 fi = −nfi.
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The focal submanifolds of fi are S
n
− ∪ Sn+ = {−ei, ei} and the isopara-
metric hypersurfaces induced by fi are the n − 1-dimensional spheres
Snt = {x ∈ Sn+1 :< x, ei >= t}.
Example 2.2. Let m,n be integers such that m ≥ 1, n ≥ 0 and m +
n ≥ 2. Let consider the function fm,n in Sm+n defined by f(x) :=
x21 + · · · + x2m − x2m+1 − · · · − x2m+n+1. We have ‖∇gm+n
0
fm,n‖2gm+n
0
=
4(1 − f2m,n) and ∆gm+n
0
fm,n = (m − n − 1) − 2(n + 1)fm,n. Therefore,
fm,n is an isoparametric function. Notice that when m+n = 2 the focal
submanifolds and the induced isoparametric hypersurfaces of fm,n are
non-connected. In particular, whenm = 2 and n = 0, S2+ = S
1×{0} and
S2− = {−e3, e3} which have different dimensions, and the isoparametric
hypersurfaces induced by f2,0 are diffeomorphic to two copies of S
1.
The preceding examples are particular cases of an important ge-
neral construction that we briefly describe below. When the manifold
has a large isometry group this construction provides many examples
of isoparametric functions. Note that in both examples the induced
isoparametric hypersurfaces are homogeneous, i.e., there exists a sub-
group of the isometry group of the ambient manifold that acts transi-
tively on the hypersurface. Let (M,g) be a closed manifold and let G
be a compact subgroup of the isometry group of (M,g) that acts on
M with co-homogeneity one. Let pi : M −→ M/G be the projection
map. If u is a smooth function on M/G, then u ◦ pi is an isoparametric
function of (M,g), see for instance (Proposition 2.4, [20]). Recall that
not all the isoparametric functions induce homogeneous isoparametric
hypersurfaces (see for instance [42], [43] and [19]). Although for some
manifolds this method provides the only possible examples.
There is another method to construct isoparametric functions when
the ambient manifold is the total space of a Riemannian submersion.
Assume that pi : (M,g) −→ (N,h) is a Riemannian submersion such
that all the fibers are totally geodesics. So, if f is an isoparametric
function on (N,h), then f ◦ pi is an isoparametric function on (M,g),
see (Proposition 2.5, [20]).
2.2. Second Yamabe constant. It will play a key role in the proof
of Theorem 1.2 and Theorem 1.4 the conformal invariant so called the
second Yamabe constant, actually a modification of it (see Section 4.2).
The second Yamabe constant Y 2(M,g) was introduced by Ammann and
Humbert in [2] in order to study the existence of nodal solutions of the
Yamabe equation.
The conformal Laplacian Lg of a closed Riemannian manifold (M,g)
of dimension n ≥ 3 is the linear elliptic operator that appears in the left
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hand side of the Yamabe equation (1), that is
Lg := an∆g + sg.
It is well known that its spectrum is a non-bounded and non-decreasing
sequence of eigenvalues. We write the spectrum of Lg as the sequence
{λi(g)} where each eigenvalue appears repeated according to its multi-
plicity.
The second Yamabe constant of (M,g) is defined as follows.
(4) Y 2(M,g) := inf
h∈[g]
λ2(h)vol(M,h)
2
n ,
where vol(M,h) is the volume of M with respect to the Riemannian
metric h.
This invariant is never achieved by a Riemannian metric if the man-
ifold is connected. However, it could be attained if instead of [g] we
consider the conformal class of generalized metrics, i.e., symmetric ten-
sors of the form φg, where φ ∈ Lpn(M) is a non-negative function that
is not the zero function. Ammann and Humbert proved in [2] that if
Y 2(M,g) is non-negative and it is attained by a generalized metric, then
there exists a nodal solution of the Yamabe equation (see Theorem 1.6,
[2]).
3. f -conformal class and isoparametric systems
Let (M,g) be a closed Riemannian manifold and f a smooth function
on M . We say that a Riemannian metric h belongs to the f−conformal
class of g if h = φg with φ ∈ Sf . We will denote this subset of [g] by
[g]f .
When f is an isoparametric function the f−conformal class of g is
the subset of conformally equivalent metrics to g such that f is an
isoparametric function as well. More precisely, we have the following
observation.
Proposition 3.1. Let f be an isoparametric function of (M,g) and let
h ∈ [g]. Then, f is an isoparametric function on (M,h) if and only if
[h]f = [g]f .
Proof. Assume that [h]f = [g]f . Then h ∈ [g]f and h = φg where
φ = ψ ◦ f for some smooth positive function ψ : [tmin, tmax] −→ R.
Using a local coordinate system we get
(5) ‖∇hf‖2h =
∑
1≤i,j≤n
φ−1gij
∂f
∂xi
∂f
∂xj
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= φ−1‖∇gf‖2g =
(
ψ(f)
)−1
b(f) ∈ Sf ,
where to obtain the last equality we used that f is an isoparametric
function of (M,g).
Now we compute the Laplace-Beltrami operator of f with respect to
the metric h in a local coordinate system. We obtain,
∆hf = − 1√
h
∑
1≤i,j≤n
∂
∂xj
{
hij
√
h
∂f
∂xi
}
= − 1
φ
n
2
√
g
∑
1≤i,j≤n
∂
∂xj
{
φ
n−2
2 gij
√
g
∂f
∂xi
}
= −(n− 2)ψ
′(f)
2φ2
∑
1≤i,j≤n
gij
∂f
∂xj
∂f
∂xi
+
1
φ
∆g(f).
Therefore by (2) and (3) we have
(6) ∆hf = −(n− 2)ψ
′(f)
2φ2
‖∇gf‖2g +
1
φ
∆g(f) ∈ Sf ,
and the desired implication follows.
Now assume that f is an isoparametric function on (M,h) as well. By
(5) we have that φ−1b(f) ∈ Sf for some smooth function b, where φ is
the smooth positive function that satisfies h = φg. Let us assume that
there exist two points P1, P2 in M that belong to Mt0 (t0 ∈ [tmin, tmax]
) such that φ(P1) 6= φ(P2). Then necessarily b(t0) must be zero, which
implies that t0 is a critical value of f . Since the only critical values
are the global minimum and maximum, we have either t0 = tmin or
t0 = tmax. Therefore, φ is constant along the regular level sets of f .
Assume that P1 and P2 belong to M+, that is t0 = tmax. Let {tk} be an
increasing sequence such that limk→∞ tk = tmax. Each regular level set
of f is a tube over M+. So, let us consider two sequences namely {Qi,k}
(i = 1, 2) such that Qi,k ∈Mtk and limk→∞Qi,k = Pi. Since φ is smooth
and φ(Q1,k) = φ(Q2,k) for all k, then φ(P1) = φ(P2) = tmax which is a
contradiction. In the same way we obtain a contradiction if we assume
that P1, P2 belong to M−. Hence, φ ∈ Sf and the proposition follows.

The conformal Laplacian is an elliptic second order conformally in-
variant operator. It satisfies the following invariance property. Let
h = upn−2g, then for any smooth function v we have
(7) Lh(v) = u
1−pnLg(uv).
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It is well known that the scalar curvature of a Riemannian metric of
the form h = upn−2g satisfies the equation
(8) sh = u
1−pn
(
an∆gu+ sgu
)
= u1−pnLg(u).
If f is an isopametric function, Sf is an invariant subspace of the
Laplace-Beltrami operator of (M,g). Indeed, by a straightforward com-
putation we have that
∆g(ψ ◦ f) = −ψ′′(f)b(f) + ψ′(f)a(f) ∈ Sf .
If in addition we assume that sg ∈ Sf , we have that Sf is an invariant
subspace of Lg. Therefore, from Equation (8) we obtain that the scalar
curvature of any metric that belongs to [g]f is constant along the level
sets of f . That is, if (M,g, f) is an isoparametric system, then (M,h, f)
is an isoparametric system for any h ∈ [g]f as well.
Proposition 3.2. Let f be an isoparametric function on (M,g). Sf is
an invariant subspace of Lh for any h ∈ [g]f if and only if there exists
h0 ∈ [g]f such that sh0 ∈ Sf .
Proof. Assume that there exists h0 ∈ [g]f such that sh0 is constant along
the level sets of f . Then f is an isoparametric function of (M,h0) and
by the comments above it follows that Sf is an invariant subspace of
Lh0 . Any h ∈ [g]f is of the form h = upn−2h0 with u ∈ Sf . Thus, from
Equation (7) we get Lh(Sf ) ⊆ Sf .
On the other hand, if Lh(Sf ) ⊆ Sf , then sh = Lh(1) ∈ Sf . 
How usual are isoparametric systems? Proposition 3.2 tells us that if
there exists one isoparametric system on M then there exist infinite
ones. The simplest example of an isoparametric system arise when
(M,g) is a Riemannian manifold of constant scalar curvature admitting
an isoparametric function f . In this situation, if ψ is a smooth strictly
monotone function on the range of f , then for any h ∈ [g]f (M,h,ψ ◦f)
is an isoparametric system.
Example 3.3. Let (M,g) be a closed Riemannian manifold and G a
compact subgroup of isometries acting on M with co-homogeneity one.
Let us consider the family of isoparametric functions induced by the
projection map. Since the group G acts transitively by isometries on
each level set of the induced isoparametric function, the scalar curvature
is constant along them.
In the next sections we are going to see results about the existence
of constant scalar curvature metric in the f−conformal class. Let us
now discuss this in the setting of the example above. Let f be the
induced isopametric function on (M,g) by a co-homogeneity one action
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of a compact subgroup of isometries G. Let us consider the set of
G−invariant conformally equivalent metrics to g, namely [g]G. Let us
consider the Yamabe functional Y restricted to the [g]G. That is,
h ∈ [g]G −→ Y (h) :=
∫
M
shdvh
vol(M,h)
n−2
n
=
∫
M
Lg(u)udvg
‖u‖2pn
if h = upn−2g. The infimum of the Yamabe functional restricted to
[g]G is the so called G−equivariant Yamabe constant YG(M,g). Note
that when G is the trivial group YG(M,g) is just the Yamabe constant
of (M,g). The problem whether this infimum is attained or not is
known as the G−equivariant Yamabe problem. If YG(M,g) is attained
then there exists a minimizing G−invariant metric of constant scalar
curvature conformal to g (see for instance [23]). This minimizing metric
is of the form h0 = φg with φ a G−invariant function, hence it belongs
to [g]f . The G−equivariant Yamabe constant is attained if the following
strict inequality holds
(9) YG(M, [g]G) < Y (S
n)Λ
2
n
G ,
where Y (Sn) = n(n − 1)vol(Sn, gn0 )
2
n is the Yamabe constant of the
round sphere (Sn, gn0 ) and ΛG is the infimum of the cardinal of the
orbits induced by the action of G on M . Assuming the positive mass
theorem1 by the works of Hebey and Vaugon [23] and Madani [36] the
Inequality (9) holds, unless the action has a fixed point or the manifold is
conformal to the round sphere. Therefore, the G−equivariant constant
is attained. Note that the Inequality (9) holds trivially if either the
orbits are not finite or the equivariant Yamabe constant is non-positive
(which is equivalent to the existence of a metric with non-positive scalar
curvature in [g]).
Another example of an isoparametric system is provided by the fo-
llowing construction.
Example 3.4. Let (Nn, h) be a closed Riemannian manifold of dimen-
sion n ≥ 2. Let ϕ be an smooth positive function on the 1−dimensional
sphere and consider the warped product (N × S1, ϕh + dt2). Let piS1 :
N × S1 −→ S1 be the projection with respect to S1. Since the fibers
of piS1 are totally umbilical, it is well known that there exists a family
of isopametric functions on (N × S1, ϕh + dt2) such that the induced
isoparametric hypersurfaces are N × {t}. Let f be one isoparametric
1Recently a proof of the positive mass theorem was announced independently by
Schoen and Yau in [47] and by Lohkamp in a series of papers (see [34] and [35]).
ISOPARAMETRIC FUNCTIONS AND NODAL SOLUTIONS 11
function of this family. Computing the scalar curvature of the warped
product, see (Theorem 2.1, [16]), we obtain
sϕh+dt2 = ϕ
−n+1
4
( 4n
n+ 1
∆dt2(ϕ
n+1
4 ) + shϕ
n−3
4
)
.
Therefore, if h is a metric of constant scalar curvature then sϕh+dt2 ∈
Sf .
Remark 3.5. The scalar curvature of a Riemmannian manifold is not
necessarily constant along the level sets of an isoparametric function.
For instance, let (M,g) be a closed Riemannian manifold and let (N,h)
be a Riemannian manifold with non-constant scalar curvature. If f is
an isoparametric function on (M,g) then so is it as a function on the
Riemannian product (M × N, g + h). However, the level sets of f are
{Mt ×N}, thus sg+h /∈ Sf .
4. Constant scalar curvature metrics on f−conformal
classes
In this section we prove the existence of constant scalar curvature
metrics in some f−conformal classes of a Riemannian product. When
the Riemannian manifold does not admit a conformal metric of positive
scalar curvature, there exists essentially only one metric of constant
scalar curvature (up to scalar dilations) in the conformal class. Hence,
throughout this section and in the rest of the paper we will address the
positive scalar curvature setting.
4.1. Subcritical Yamabe equation and the spectrum of Lg on
the f−conformal class. Let (M,g) be a closed Riemannian manifold
of dimension n ≥ 3 and let (M,g, f) be an isoparametric system. For
2 ≤ s ≤ pn, let us consider the functional given by
v −→ Js(v) :=
∫
M
Lg(v)vdvg
‖v‖2s
.
Let
αfs (M,g) = inf
A−{0}
Js(v)
where A := H21 (M) ∩ Sf .
Lemma 4.1. Let 2 ≤ s < pn. There exists a positive smooth solution
u that belongs to Sf of the subcritical Yamabe equation
(10) Lg(u) = α
f
s (M,g)u
s−1.
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The proof of Lemma 4.1 is essentially the same to the one used to
prove existence of solutions of the subcritical Yamabe equation, see for
instance (Proposition 2.2, [3]) and (Lemma 5.1, [26]).
Proof. Let {vi} be a non-negative minimizing sequence of Js restricted
to A. We can assume that each vi is a smooth function and ‖vi‖s = 1.
It is easy to see that vi is a bounded sequence in H
2
1 (M). Hence, there
exists v ∈ H21 (M) such that (up to a subsequence) vi converges weakly
to v in H21 (M). By the Rellich-Kondrakov theorem (s < pn) we have
that the inclusion map i : H21 (M) −→ Ls(M) is a compact operator. So,
again up to a subsequence, {vi} converges strongly in Ls(M) to v, which
implies that {vi} converges to v a.e. and ‖v‖s = 1. Since Sf is a close
subspace of H21 (M), v is a non-negative minimizer of J
s. Therefore, we
have that ∫
M
(
Lg(v)− αfs (M,g)vs−1
)
ψdvg = 0
for any ψ ∈ A. Since Lg(v) − αfs (M,g)vs−1 ∈ Sf , necessarily Lg(v) =
αfs (M,g)vs−1. Then the lemma follows using standard regularity argu-
ments and the strong maximum principle. 
Remark 4.2. The statement of Lemma 4.1 is still valid if instead of
the scalar curvature we place a smooth non-negative function ϕ ∈ Sf in
Equation (10).
Under the same hypothesis of Lemma 4.1 we have the following propo-
sition.
Proposition 4.3. There exists an unbounded subsequence of the spec-
trum of Lg such that the associated eigenfunctions belong to Sf .
Proof. Applying Lemma 4.1 for s = 2 we obtain a smooth positive
function w1 ∈ Sf that satisfies the equation Lg(w1) = λf1(M,g)w1 where
λf1(M,g) = α
f
2 (M,g). Therefore, w1 is an eigenfunction associated to
the eigenvalue λf1(M,g). Note that λ
f
1(M,g) is the smallest eigenvalue
of Lg that has an associated eigenfunction in Sf . Let A2 be the closed
subspace of H21 (M) defined by A2 := A1 ∩ {u :
∫
M
uw1dvg = 0}. We
define λf2(g) := infw∈A2−{0} J
2(w). Using the same argument as the one
used in the proof of Lemma 4.1 we obtain w2 ∈ Sf that achieves λf2 (g)
and satisfies Lg(w2) = λ
f
2 (g)w2. Using the strong maximum principle
it can be shown that λf1(g) < λ
f
2 (g). Then we define A3 := A2 ∩ {u :∫
M
uw2dvg = 0} and we repeat the procedure to obtain λf3(g) and w3,
and so on. 
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We will note the sequence obtained in the proof of Proposition 4.3 by
(11) λf1 (g) < λ
f
2 (g) ≤ λf3 (g) ≤ · · · ≤ λfk(g)ր +∞ ⊆ Spec(Lg),
where each eigenvalue appears repeated according to its multiplicity.
Actually this sequence is the spectrum of Lg restricted to the subspace
Sf . Note that since we are considering metrics that are conformally
equivalent to a positive scalar curvature metric, the first eigenvalue of
the conformal Laplacian is positive, hence λf1 (g) > 0.
An immediate consequence of Proposition 4.3 is the following coro-
llary.
Corollary 4.4. Let (M,g, f) be an isoparametric system. Then there
exist infinitely many eigenfunctions of Lg whose nodal sets are a union
of level sets of f .
Remark 4.5. Let (M,g, f) be an isoparametric system where (M,g) is
a connected closed Riemannian manifold of non-negative scalar curva-
ture and f is a proper isoparametric function. For any metric h ∈ [g]f ,
the eigenfunction uh2 associated to the eigenvalue λ
f
2 (h) changes sign.
Actually, the connectedness of M implies that the nodal set of uh2 is non-
empty and the number of connected components of M − {(uh2)−1(0)} is
two. By the comments made in the Introduction, we know that all the
isoparametric hypersurfaces induced by f are connected and separates M
into two disc bundles over the focal submanifolds. Therefore, the nodal
set of uh2 consist in one of the isoparametric hypersurfaces induced by f
and it eventually include one of the components of the focal submanifold
{M− ∪M+}. However, using the strong maximum principle we obtain
that neither M+ nor M− could belong to the zero set of u
h
2 (see the
proof of Corollary 1.3). Therefore, in this situation we conclude that
there exist infinitely many Riemannian metrics on M such that they
have an eigenfunction of the conformal Laplacian which its nodal set is
an isoparametric hypersurface induced by f .
4.2. Isoparametric kth f−Yamabe constant. Now, we are in con-
dition to introduced the isopametric kth f − Y amabe constant of an
isoparametric system (M,g, f). It is an invariant of the f−conformal
class that we are going to use in Section 5 to prove Theorem 1.2. The
isoparametric kth− Yamabe constant of (M,g, f) is given by
Y kf (M, [g]f ) := inf
h∈[g]f
λfk(h)vol(M,h)
2
n .
Let u ∈ Lpn≥0(M) − {0} ∩ Sf and consider the generalized metric
gu = u
pn−2g. We define the k−Grassmanian space of H21 (M)∩ Sf with
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respect to u, namely Grku(H
2
1 (M) ∩ Sf ), as the space of k−dimensional
subspaces of H21 (M)∩Sf which are k-dimensional subspaces in H21 (M−
{u−1(0)}) ∩ Sf as well.
For v ∈ Gr1u(H21 (M) ∩ Sf )− {0} let us consider
F (u, v) :=
∫
M
an|∇v|2g + sgv2dvg∫
M
upn−2v2dvg
.
Then, using the variational characterization of the eigenvalues (see for
instance Proposition 2.1 in [2]) it is not difficult to see that
Y kf (M, [g]f ) = inf
u∈Lpn
≥0
(M)∩Sf−{0}
V ∈Grku(H
2
1 (M)∩Sf )
sup
v∈V−{0}
F (u, v)
( ∫
M
upndvg
) 2
n ,
where
λfk(gu) := inf
V ∈Grku(H
2
1
(M)∩Sf )
sup
v∈V −{0}
F (u, v)
is the so called kth−generalized eigenvalue of Lgu restricted to Sf .
4.3. Constant scalar curvature metrics. Let (Mm, g) and (Nn, h)
be closed Riemannian manifolds. Assume that (N,h) has constant
scalar curvature. If f is an isoparametric function on (M,g) then so
is f on (M ×N, g+h). Morever, if (M,g, f) is an isoparametric system
then (M ×N, g + h, f) is an isoparametric system as well.
Proposition 4.6. Let (Mm, g) be a closed Riemannian manifold and let
(Nn, h) be any closed Riemannian manifold of constant scalar curvature.
Assume that m+n ≥ 3 and sg+sh > 0. Let (M,g, f) be an isoparametric
system. Then, there exists a Riemannian metric in [g+h]f with constant
scalar curvature.
Proof. Without loss of generality we can assume that vol(N,h) = 1.
Let us consider the Yamabe functional of the Riemannian product (M×
N, g + h) restricted to A = H21 (M ×N) ∩ Sf = H21 (M) ∩ Sf . That is,
if w ∈ A we have
J(w) =
∫
M
am+n|∇gw|2 + sg+hw2dvg
‖w‖2pm+n
,
where the Lpm+n norm is considered with respect to the metric g. Note
that pm+n < pm, so we are in the subcritical setting as in Lemma 4.1.
Hence, we take any smooth non-negative minimizing sequence {ui} such
that ‖ui‖pm+n = 1 and we proceed as in the proof of Lemma 4.1. We
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obtain a smooth positive function u that belongs to Sf , that depends
only on M and satisfies the equation
am+n∆gu+ sg+hu =
(
inf
w∈A−{0}
Y (w)
)
upm+n−1.
Therefore, by Equation (8) we have that the Riemannian metric upm+n−2
(g + h) belongs to [g]f and has constant scalar curvature. 
When a conformal class admits a metric of positive scalar curva-
ture, then it might have within several non-isometric metrics of constant
scalar curvature. Therefore, in the positive scalar curvature setting a
f−conformal class could has many metrics of constant scalar curvature
as the following examples show.
Example 4.7. Let (M,g) and (N,h) be both closed Riemannian ma-
nifolds of constant scalar curvature and f an isoparametric function on
(M,g). Applying (Theorem 1.4, [26]) we obtain that if sg+h >
λ
f
2
(g)
pm+n−1
,
then there exists a non constant function u ∈ Sf such that the Rie-
mannian metric gu = u
pm+n−2(g + h) ∈ [g + h]f has constant scalar
curvature.
Example 4.8. Let us consider the Riemannian product of spheres (Sn×
Sm, gn0 + tg
m
0 ) and let f be an isoparametric function on (S
n, gn0 ). Let k
be any positive integer. Then, there exists t0 such that there are at least
k non-isometrically unit volume metrics of constant scalar curvature on
[gn0 + tg
m
0 ]f if t ≤ t0. We refer the reader to (Corollary 1.3, [26]) for a
precise statement on the lower bound of the number of non-isometrically
unit volume metrics with constant scalar curvature in the f−conformal
class. Recall that for even dimensional spheres S2s there exist isopara-
metric hypersurfaces with one principal curvature of multiplicity 2s− 1
(hyperspheres), with two distinct principal curvatures (embeddings of
Sk × Ss−k−1), and for S4 there exist isoparametric hypersurfaces with
three distinct principal curvatures as well. For instance, if n = 2s with
s ≥ 1, let l(t) = (m(m− 1)t−1+2s(2s− 1))/(2s+m− 1). Assume that
l(t) belongs to the interval given by
(
Ai, Ai+1
]
where Ai = i(2s+ i− 1).
Then, we have that the number of essentially different constant scalar
curvature metrics in [g2s0 + tg
m
0 ]f is at least i+ [(2s− 1)/2][i/2] if s > 2
and i+ [i/2] + [i/3] if s = 2.
5. Proof of Theorem 1.2.
We are going to prove that the isoparametric second f−Yamabe con-
stant Y 2f (M × N, [g + h]f ) is attained by a generalized metric gu =
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upm+n−2(g + h). Actually, u will be the absolute value of a nodal solu-
tion of the Yamabe equation. The proof of Theorem 1.2 is essentially
the proof of (Theorem 1.1, [44]) which states that the M−second Yam-
abe constant of (M × N, g + h), which is a subcritical version of the
second Yamabe constant, is always attained. The achievement of the
M−second Yamabe constant leads to the existence of a nodal solutions
of the Yamabe equation that depend only on M .
Proof of Theorem 1.2. Without loss of generality we can assume that
vol(N,h) = 1.
For any u ∈ Lpm+n(M) ∩ Sf − {0}, there exist v1 ≥ 0 and v2 that
belong to H21 (M) ∩ Sf such that
(12)
∫
M
upm+n−2vivjdvg = δij ,
and at the same time they satisfy in a weak sense the following equations
am+n∆gv1 + sg+hv1 = λ
f
1(gu)u
pm+n−2v1,(13)
am+n∆gv2 + sg+hv2 = λ
f
2(gu)u
pm+n−2v2.(14)
For the details we refer to the reader to (Proposition 3.2 in [2]) and
to Section 4 in [27]. The subspace V0 := span(v1, v2) realizes the gene-
ralized second eigenvalue λf2(gu). More precisely, we have
λf2(gu) = sup
w∈V0−{0}
F (u,w) = F (u, v2).
Using similar arguments as the ones used in the proof of (Theorem
3.4, [2]) and (Theorem 1.5, [27]) it can be seen that if gu realizes the
second isoparametric f−constant of (M×N, g+h) then u = |v2| and v2
is a nodal solution of the Yamabe equation. Also, by the connectedness
of M , it can be seen that the number of connected components of M ×
N − {v−12 (0)} is two.
In our setting there always exists a minimizer of Y 2f (M ×N, [g+h]f )
thanks to pm+n is less than the critical Sobolev exponent pm. Indeed, let
{ui} be a minimizing sequence of positive smooth functions that belong
to Sf and satisfy ‖ui‖pm+n = 1.
For ui, let v
i
1 and v
i
2 be the functions that satisfy (12), (13) and (14).
Then,
λf2(gui) = F (ui, v
i
2),
λf2(gui) −→i→+∞ Y 2f (M ×N, [g + h]f )
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and
(15) lim sup
i→+∞
λf1(gui) ≤ Y 2f (M ×N, [g + h]f ).
The sequences {ui}, {vi1} and {vi2} are bounded in Lpm+n(M) and
H21 (M), respectively. Therefore, up to a subsequence, there exist u,
v1 and v2 such that ui converges weakly to u in L
pm+n(M), and vji con-
verges weakly to vj in H
2
1 (M) (for j = 1, 2). As a consequence of the
weak convergence we have that
(16) ‖u‖pm+n ≤ lim inf
i→+∞
‖ui‖pm+n = 1.
By the Rellich-Kondrakov theorem we have that {vij} converges strongly
to vj in L
pm+n(M) (again up to a subsequence) and vj ∈ Sf (for j =
1, 2). This implies that the following equations hold in a weak sense
am+n∆gv1 + sg+hv1 =
(
lim sup
i→∞
λf1(gui)
)
upm+n−2v1,
and
am+n∆gv2 + sg+hv2 = Y
2
f (M ×N, [g + h]f )upm+n−2v2.
Let W0 := span(v1, v2) ∈ Gr2u(H21 (M) ∩ Sf ). By definition of the
isoparametric second f−Yamabe constant we have
Y 2f (M ×N, [g + h]f ) ≤ supv∈W0−{0}F (u, v)
( ∫
M
upm+ndvg
) 2
m+n .
Then by inequalities (15) and (16) we obtain
supv∈W0−{0}F (u, v)
( ∫
M
upm+ndvg
) 2
m+n ≤ Y 2f (M ×N, [g + h]f ).
Hence, gu realizes the isoparametric second f−Yamabe constant and
the theorem follows. 
Proof of Corollary 1.3. Since f is a proper isoparametric function all
the level sets are connected submanifolds of M . If S is an isopara-
metric hypersurfaces induced by f , M − S is a disjoint union of two
connected open sets Ω− and Ω+, where M− ⊂ Ω−, M+ ⊂ Ω+ and
∂(Ω−) = ∂(Ω+) = S. Actually, Ω+ (Ω−) is a disk bundle over the focal
submanifold M+ (M−). Let w ∈ Sf be the nodal solution of the Yam-
abe equation provided by Theorem 1.2. The nodal set Z of w is a union
of finite level sets of f . ButM −Z has only two connected components.
Then, it is a subset of S ∪M−∪M+ where S is an isoparametric hyper-
surface induced by f . The set where w is positive {w > 0} is included
either in Ω+ or Ω−. Let us assume that {w > 0} ⊆ Ω+ (we will arrive to
the same conclusion if we assume that {w > 0} ⊆ Ω−) and is a proper
18 G. HENRY
subset. Then M+ ⊂ Z. However, using the strong maximum principle
(recall that the scalar curvature is positive), we conclude that w can
not be entirely zero in M+ unless w is the zero function, which is not
possible. Therefore {w > 0} = Ω+. In the same way we see that M−
does not belong to the zero set of w. Therefore, {w < 0} = Ω−. Finally,
considering w as a function of M × N we obtain that its nodal set is
S ×N.

6. Critical equation
In this section we will prove Theorem 1.4. This theorem is a conse-
quence of the compact embedding of H21 (M)∩Sf into Lpn(M) when the
dimensions of the level sets of f are positive. In order to prove the com-
pactness of this embedding we will prove Lemma 6.1 below, which says
that when each dimension of all connected components of any level set
of an isoparametric function f is positive then the Rellich-Kondrakov
theorem can be improved by considering the functions that are constant
along the level sets of f . When the isoparametric function is induced
by a co-homegeneity one action of a compact subgroup of the isometry
group, Lemma 6.1 is the Sobolev embedding theorem under the presence
of symmetries proved in (Corollary 1, [25]).
Given an isoparametric function on (M,g) we denote by Hq1,f (M) the
closed subspace Hq1(M) ∩ Sf .
Lemma 6.1. Let (M,g) be a closed Riemannian manifold of dimension
n and let f be an isoparametric function on (M,g) such that k(f) ≥ 1.
We have that
i) if q ≥ n− k(f), then the inclusion map of Hq1,f (M) into Lp(M)
is continuous and compact for any p ≥ 1.
ii) If q < n− k(f), then the inclusion map of Hq1,f (M) into Lp(M)
is continuous for any p that satisfies 1 ≤ p ≤ q(n−k(f))
n−k(f)−q , and
compact if 1 ≤ p < q(n−k(f))
n−k(f)−q .
Proof. The proof of the lemma is divided in three steps.
Step 1: In this step using the structure of the isoparametric foliations
we are going to construct an appropriate coordinate systems that will
allow us to decrease the dimension in order to use a subcritical Sobolev
embedding instead the critical one. The existence of these coordinates
systems are consequence of the structural theorem of isoparametric hy-
persurfaces mentioned in the Introduction (Theorem A, [51]). Recall
that it states that any regular level set Mt (tmin < t < tmax) is a tube
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over either of the focal submanifolds. On the other hand, for any x that
belongs to a regular level set Mt, the integral curve cx(t) of the vector
field F = ∇f/
√
b(f) trough x is a unit speed geodesic that intersects
orthogonally all the level set of f . The length of the segments induced
by the integral curves of F realises the distance between to regular level
set. We have
dg(Mf(cx(t1)),Mf(cx(t0))) = t1 − t0.
So, let x ∈M . Let k(x) be the dimension of the connected component
of Mf(x) where x belongs to. We denote with pi2 the projection of
R
k×Rn−k onto Rn−k. Using Fermi coordinates centered at x on Mf(x),
it is not difficult to see that there exists a coordinate system (W,ϕ)
(shrinking suitably the neighborhood W ) such that:
1) x ∈ W and ϕ(W ) = U × V where, U ⊂ Rk(x) and V ⊂ Rn−k(x)
are open subsets with smooth boundaries.
2) For any y ∈W , U × pi2(ϕ(y)) ⊆ ϕ(Mf(y) ∩W ).
3) There exists a positive constant ax such that (ax)
−1dvgne ≤ dvg ≤
axdvgne , where dvgne is the volume element with respect to the
Euclidean metric.
Step 2 In this step we will prove that the inclusionHq1,f (M) ⊂ Lp(M)
is a continuous map for any p ≥ 1 if either q ≥ n− k(f) or q < n− k(f)
and p ≤ q(n− k(f))/(n − k(f)− q).
Since M is a compact manifold there exists a collection of points
{xi}mi=1 such that the charts (Wi, ϕi)i∈[1,m] (where each xi ∈ (Wi, ϕi) is
one of the coordinates system introduced in the first step) cover M . Let
ki = k(xi).
Let u ∈ C∞(M) ∩ Sf and p ≥ 1. Let us consider ui : Vi −→ R the
smooth function defined by ui(y) := u(ϕ
−1
i (x, y)) for any x ∈ Ui. The
function ui is well defined by property 2).
By the properties of the coordinate systems (Wi, ϕi) there exist Ai, Bi,
Ci positive constants such that Bi‖ui‖Ls(Vi) ≤ ‖u‖Ls(Wi) ≤ Ci‖ui‖Ls(Vi)
and Di‖∇ui‖Ls(Vi) ≤ ‖∇u‖Ls(Wi) for any s ≥ 1.
By the above inequalities and applying the Sobolev embedding theo-
rem for Euclidean bounded domains to function ui we obtain that
(17) ‖u‖Lp(Wi) ≤ Ai
(
‖∇u‖Lq(Wi) + ‖u‖Lq(Wi)
)
if either n− ki ≤ q or n− ki > q and p ≤ q(n− ki)/(n − ki − q).
Now if n−k(f) ≤ q, then n−ki ≤ q for any 1 ≤ i ≤ m. If n−k(f) > q
and p ≤ q(n− k(f))/(n− k(f)− q) , then for each i we have that either
n − ki ≤ q or n − ki > q and p ≤ (n − ki)q/(n − ki − q). Indeed, since
n−k ≥ n−ki we have that (n−k)(n−ki−q) ≤ (n−ki)(n−k−q) which
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implies that (n− k)q/(n− k− q) ≤ (n− ki)q/(n− ki− q). Therefore by
Inequality (17) we have
‖u‖p ≤
m∑
i=1
‖u‖Lp(Wi) ≤ A
m∑
i=1
(
‖∇u‖Lq(Wi) + ‖u‖Lq(Wi)
)
≤ B
(
‖∇u‖Lq(M) + ‖u‖Lq(M)
)
.
Step 3 Let {uj} be a bounded sequence in Hq1,f(M). Let {φi}i=[1,m]
be a partition of unity subordinate to the covering {(Wi, ϕi)}i∈[1,m] such
that φi(ϕ
−1
i (x, y)) = φi(ϕ
−1
i (x
′, y)) for any 1 ≤ i ≤ m, x, x′ ∈ Ui and
y ∈ Vi. We define the sequence uj,i := (φi ◦ ϕ−1)(uj)i. Notice that
functions uj,i has compact support in Vi. For any 1 ≤ i ≤ m, {uj,i} is
a bounded sequence in Hq1(Vi). If either q ≥ n − k(f) or q < n − k(f)
and 1 ≤ p < q(n−k(f))
n−k(f)−q then we have
(18)
1
p
>
1
q
− 1
n− ki
for any i ∈ [1,m]. On the other hand, we know that for any bounded
open set V ⊂ Rl, Hs1,0(V ) is compactly embedded in Lr(V ) if 1/r >
1/s − 1/l (see for instance Lemma 2.5, [22]). Therefore, by Inequality
(18) there is a subsequence of {uj} (that in order to simplify the notation
we denote with {uj} as well) such that (uj)i is a Cauchy sequence in
Lp(Vi) for any 1 ≤ i ≤ m. Joining with property 3) satisfied by the
coordinate systems (Wi, ϕi) we see that the sequence φiuj is a Cauchy
sequence in Lp(M). Since {φi}i=[1,m] is a partition of unity we obtain
that {uj} converges strongly in Lp(M).

Theorem 6.2. Let (M,g, f) be an isoparametric system such that k(f) ≥
1. Let s ≥ 1. If k(f) = n− 1, n− 2 or s < 2(n − k(f))/(n − k(f)− 2),
then for some constant c there exists a positive solution u of the equation
Lg(u) = cu
s−1
that belongs to Sf .
Proof. By Lemma 6.1 the inclusion map of H21,f (M) into L
s(M) is com-
pact. Then we proceed as in the proof of Lemma 4.1. 
Remark 6.3. Note that pn < 2(n − k(f))/(n − k(f) − 2) if k(f) ≥ 1,
therefore by Theorem 6.2 we have solutions of the Yamabe equation with
supercritical exponents.
We have the following corollary.
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Corollary 6.4. Let (M,g, f) be an isoparametric system such that
k(f) ≥ 1. Then there exists a Riemannian metric in [g]f of constant
scalar curvature.
Proof of Theorem 1.4. The embedding H21,f (M) ⊂ Lpn(M) is compact,
then the proof is essentially the same one of Theorem 1.2.

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